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Organization

1. ChebTuck format introduction
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Algebraic low-rank tensor approximations

m Consider f:[-1,1]9 = R, d = 3.

m Goal: approximate f with a small number of parameters ~~ cheap computations with f.
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Algebraic low-rank tensor approximations

m Consider f:[-1,1]9 = R, d = 3.
m Goal: approximate f with a small number of parameters ~~ cheap computations with f.

m Grid-based methods: (algebraic) low-rank tensor approximation of function related
tensor F € R *xn2xn3

r
1
F~ Z §ka](€ ) & aff) X a,(f’)( or Tucker &3°1171273 8 (1)®a(2)®a(3) or TT)

©1,12,13= ig,ig@ i1
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Algebraic low-rank tensor approximations

m Consider f: [-1,1]¢ = R, d = 3.

m Goal: approximate f with a small number of parameters ~» cheap computations with f.

m Grid-based methods: (algebraic) low-rank tensor approximation of function related
tensor F € R *xn2xn3

T
2 3 .
Fr) gray @l @ al) (or Tucker ST By 0 algaeal o TT).

i1,i9,13=1

m e.g., F contains the function values:
¢ . .
Fiisis = f(tgll),tz(g),tgg)), 6 _ 1+ (ig—Dhy, ig=1,--- ,ng,

or F contains projection of f on some ba5|s functions

Fsz/[ ]3f(x1,m2,$3)¢ D (21) (22)¢Y (23) d g d o d .
—1,1
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Algebraic low-rank tensor approximations

m Consider f:[-1,1]? = R, d = 3.
m Goal: approximate f with a small number of parameters ~~ cheap computations with f.

m Grid-based methods: (algebraic) low-rank tensor approximation of function related
tensor F € R xn2xns

F~ a(l) (2)®a() or Tucker #5°717273 6, 1, i alV@a@@a® or TT).
k 1,92,4334)

i1,i9,13=1

m Storage: O(d - n - poly(r)). Note: full storage O(n?) is not necessary.
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Algebraic low-rank tensor approximations

m Consider f:[-1,1]? = R, d = 3.
m Goal: approximate f with a small number of parameters ~~ cheap computations with f.

m Grid-based methods: (algebraic) low-rank tensor approximation of function related
tensor F € R xn2xns

F a(l) ® a(2) ® a( ) or Tucker ~ T1:72:73 ,81 o (1)®a(2)®a(3) or TT).
k k IRCRES

i1,i9,13=1
k=1

Storage: O(d - n - poly(r)). Note: full storage O(n?) is not necessary.

Disadvantage: large n is required to achieve high accuracy.

Mesh-free methods: functional low-rank tensor approximation.
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Functional low-rank tensor approximations

m Consider f: [~1,1]> — R. Goal: approximate f with a small number of parameters.

m Grid-based methods: (algebraic) low-rank tensor approximation of function related
tensor F € R™*m2xms B~ 3™ &ca,(cl) ® a,?) ® alg:g). Storage: O(dnr).

m Mesh-free methods: functional low-rank tensor approximation.
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N Functional low-rank tensor approximations
>

m Consider f: [~1,1]> — R. Goal: approximate f with a small number of parameters.

m Grid-based methods: (algebraic) low-rank tensor approximation of function related
tensor F € R™*m2xms B~ 3™ &ca,(cl) ® a,g) ® a,(f’). Storage: O(dnr).

m Mesh-free methods: functional low-rank tensor approximation.

m Simplest: Functional CP format (separation of variables):

f(@1, 20, 23) ~ Z&gg)(wl)gf) (22)g)” (23).
k=1
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N Functional low-rank tensor approximations
>

m Consider f: [~1,1]> — R. Goal: approximate f with a small number of parameters.

m Grid-based methods: (algebraic) low-rank tensor approximation of function related
tensor F € R™M*m2X"s F o 3~ 1§ka(1) ® aé ) ® aé ). Storage: O(dnr).

m Mesh-free methods: functional low-rank tensor approximation.

m Simplest: Functional CP format (separation of variables):

Flar,2a,23) = > &g (@1)g7 (@2)gy (3),
k=1

m where g( ) are univariate functions parameterized by Chebyshev polynomials
m—1
14 .
g/,(c )(l‘g) = oz,(c;T (x¢), Tj(x) = cos(j arccos(x)).
j=0
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N Functional low-rank tensor approximations
>

m Consider f: [~1,1]> — R. Goal: approximate f with a small number of parameters.

m Grid-based methods: (algebraic) low-rank tensor approximation of function related
tensor F € R™M*"2xn3 B~ % §ka,il) ® a,(f) ® a,(c?’). Storage: O(dnr).

m Mesh-free methods: functional low-rank tensor approximation.

m Simplest: Functional CP format (separation of variables):

”
1 2 3
Flar,xa,23) = > &g (@1)97 (w2)gy) (w3),
k=1
m Various operations can be performed efficiently, e.g., integration:

r 1 1 1
/[ . f(xy, 20, 23)doydaadas = ka/ g;(cl)(m)dm/ 9,(3)(962)(1@/ 9123)(I3)d$3'
—11 P 1
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N Functional low-rank tensor approximations
>

m Consider f: [~1,1]> — R. Goal: approximate f with a small number of parameters.

m Grid-based methods: (algebraic) Iow—rank tensor approximation of function related
tensor F € R™*m2xnms B~ 3™ {ka Ve a](c ) ® aé ) Storage: O(dnr).

m Mesh-free methods: functional low-rank tensor approximation.

m Simplest: Functional CP format (separation of variables):

f(@1, 2, 73) kagk (1) (22)9\ (23),

m Storage: O(dmr). m < n for the same accuracy as grid-based methods.
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N Functional low-rank tensor approximations
>

m Consider f: [~1,1]> — R. Goal: approximate f with a small number of parameters.

m Grid-based methods: (algebraic) Iow—rank tensor approximation of function related
tensor F € R™*m2xnms B~ 3™ {ka Ve a](c ) ® aé ) Storage: O(dnr).

m Mesh-free methods: functional low-rank tensor approximation.

m Simplest: Functional CP format (separation of variables):
f(x1, 22, 23) kagk (21 gk ( )9123)(953)7

m Storage: O(dmr). m < n for the same accuracy as grid-based methods.
m Often beneficial to impose additional low-rank structures ~» Functional Tucker format.

m This work focuses on the Functional Tucker format.
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Functional Tucker approximation

m Consider f: [~1,1]> — R. Goal: approximate f with a small number of parameters.
m Grid-based methods: (algebraic) low-rank tensor approximation.
m Mesh-free methods: functional low-rank tensor approximation.
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Functional Tucker approximation

Consider f :[—1,1]®> — R. Goal: approximate f with a small number of parameters.
Grid-based methods: (algebraic) low-rank tensor approximation.

Mesh-free methods: functional low-rank tensor approximation.

This work focuses on the Functional Tucker format:

71 T2 73

flar, wo,ms) = Y Y Zﬁ“,wg N(@1)v? (x2)v ()(96’3),

i1=112=114i3=1

O

where 3 € R™ 7273 s the core tensor and v; " : [~1,1] — R are factor functions.
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% Functional Tucker approximation

m Consider f: [~1,1]> — R. Goal: approximate f with a small number of parameters.
m Grid-based methods: (algebraic) low-rank tensor approximation.

m Mesh-free methods: functional low-rank tensor approximation.

m This work focuses on the Functional Tucker format:

71 T2 73

Flan e es) = 3303 B asvl) (@)vl (@2)vl) (xs),

i1=1142=1143=1

where B € R™*"2X"3 s the core tensor and v.(e) : [=1,1] — R are factor functions.

()

m In case of v; * parameterized by Chebyshev polynomials, we call it ChebTuck format:

Z V“é jo—1(xe), Tj,(x) = cos(jgarccos(z)).
Je=1
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% Functional Tucker approximation

m Consider f: [~1,1]> — R. Goal: approximate f with a small number of parameters.
m Grid-based methods: (algebraic) low-rank tensor approximation.

m Mesh-free methods: functional low-rank tensor approximation.

m This work focuses on the Functional Tucker format:

71 T2 73

Flan e es) = 3303 B asvl) (@)vl (@2)vl) (xs),

i1=1142=1143=1

where B € R™*"2X"3 s the core tensor and v.(e) : [=1,1] — R are factor functions.

()

m In case of v; * parameterized by Chebyshev polynomials, we call it ChebTuck format:

Z V“é jo—1(xe), Tj,(x) = cos(jgarccos(z)).
Je=1

m Goal: given f, compute its ChebTuck approximation.
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Organization

2. Numerical schemes for ChebTuck approximation
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ChebTuck approximation: functional case

m Consider f:[—1,1]> — R. Goal: approximate f in ChebTuck format:

T1 T2 3
2 3
f(xlvx%m?) E E E BH,’LQ,ls 11 ) ()(.’L'z) ()(,’Eg), 1) E : ],g u JZ 1 ml)
11=1i2=11i3=1 Je=1
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ChebTuck approximation: functional case

m Consider f:[—1,1]> — R. Goal: approximate f in ChebTuck format:

T1 T2 3
2 3
f(.’El,.’EQ,Cﬂg E E E BZ1,12,13 11 ) ()((L'z) ()({Eg), 1) E : ],g u JZ 1 ml)‘
11=1i2=11i3=1 Je=1

m Start from multivariate Chebyshev interpolant f, of f:

mi ma ms3
f@r,w0,23) & fan(w1,22,25) = Y Y " Ciyigyig Ty —1(21) Ty (w2) Ty -1 (w3),

i1=11io=11i3=1
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% ChebTuck approximation: functional case

m Consider f:[—1,1]> — R. Goal: approximate f in ChebTuck format:

1 T2 T3
2 3
f $1,$2,$3 E E E Bll,mﬂs 11 ) ()((L'z) ()($3 1) E : ],g Zg Je 1 m[)
11=11i2=113=1 je=1

m Start from multivariate Chebyshev interpolant f, of f:
f@1, 2, 33) = fm (w1, 02, 23) Z Z Z Cisinyis Tin—1(21) Tiy -1 (22) Tig -1 (23),
i1=1is=1143=1
m where C € R"1*™2XMs contains the Chebyshev coefficients, computed by
C=Tx; WD xy3 W x5 WO for some DCT matrices W)
T iy = F(st)) 507 5))o s = cos((ie = D)/ (me = 1))

21’12723’7,g
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% ChebTuck approximation: functional case

m Consider f:[—1,1]> — R. Goal: approximate f in ChebTuck format:

1 T2 T3
2 3
f $1,$2,$3 E E E Bll,mﬂs 11 ) ()((L'z) ()($3 1) E : ],g Zg Je 1 m[)
11=11i2=113=1 je=1

m Start from multivariate Chebyshev interpolant f, of f:

maz  m3

f(x1, 29, 23) & fm(21, 22, 73) Z Z chl,lg,zg i —1(21) Ty -1 (22) Ty -1 (23),

i1=1is=11ig=1
m where C € R"1*™2XMs contains the Chebyshev coefficients, computed by
C=Tx; WD xy3 W x5 WO for some DCT matrices W)
T iy = F(st)) 507 5))o s = cos((ie = D)/ (me = 1))
= Compute the Tucker approximation of C: Cx~ C =8 x; VI x, V@ x, V)

Bonan Sun, bsun@mpi-magdeburg.mpg.de, https://bonans.github.io/ ChebTuck format


mailto:bsun@mpi-magdeburg.mpg.de
https://bonans.github.io/

% ChebTuck approximation: functional case

m Consider f:[—1,1]> — R. Goal: approximate f in ChebTuck format:

1 T2 T3
2 3
f .’El,.’EQ,l'g E E E BZ1,12,13 11 ) ()((L'z) ()(.’Eg 1) E : ],g 'Lg Je 1 1’[)
11=11i2=113=1 je=1

m Start from multivariate Chebyshev interpolant f, of f:

maz  m3

f(x1, 29, 23) & fm(21, 22, 73) Z Z chl,lg,zg i —1(21) Ty -1 (22) Ty -1 (23),

i1=1is=1143=1
m where C € R"1*™2XMs contains the Chebyshev coefficients, computed by
C=Tx; WD xy3 W x5 WO for some DCT matrices W)
Tiyinis = F(si)) 502 52)), sty = cos((ie — 1)m/(mg — 1))
m Compute the Tucker approximation of C: C~ C = x; V) x, V@ x5 V)
m Plugging Cin fm gives the ChebTuck approximation.
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“ ChebTuck approximation: functional case

Algorithm 1 ChebTuck Approximation: functional case

Require: Given a function f : [-1,1]> — R, the Chebyshev degrees m = (my,mz, m3) and
Tucker-ALS truncation error £ > 0.
Ensure: The ChebTuck format fy, of f.

1: Compute the function evaluation tensor T;, ;, i, = f(s 511), 52), 31(3)), st = cos((i¢ — 1)m/(mg — 1))

2. Compute the Chebyshev coefficient tensor C = T x1 W) xo W) x5 W)
3: Apply Tucker-ALS to C with tolerance ¢ to obtain 8 and V(1) V() v ()
4
5

: Form the factor functions v( )( 0 =200 VJ(Z’LTZ 1(zg) for £ =1,2,3.

3
- Return fun (21,22, 23) = S0 720 S0 Biy s v ()0 ()0 (a3).

m In many applications, f not given explicitly in the full domain [—1, 1]
m But we only have access to its function values at the uniform grid points:
1 3 ‘ . .
Fiy iy = F(t) 00 ), 1) = 14 (i — Dhe, g =1, ,ny.

11 7 712 ) 713 19
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ChebTuck approximation: algebraic case

m In many applications, f not given explicitly in the full domain [—1, 1]

m But we only have access to its function values at the uniform grid points:

Fiyinis = FE 6268 49 — 14 (i = Dby, ig=1,--+ s,

11 7 71g Y 13 10
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ChebTuck approximation: algebraic case

m In many applications, f not given explicitly in the full domain [—1, 1]

m But we only have access to its function values at the uniform grid points:

Fiyinis = FE 6268 49 — 14 (i = Dby, ig=1,--+ s,

11 7 71g Y 13 10

m First step in our algorithm is to get T, i.e., function values at Chebyshev nodes.
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ChebTuck approximation: algebraic case

m In many applications, f not given explicitly in the full domain [—1, 1]

m But we only have access to its function values at the uniform grid points:

Fiyigis = FEN 42 O 4D — 14— Dby, i =1, g

11 7 71g Y 13 10

First step in our algorithm is to get T, i.e., function values at Chebyshev nodes.

Extrapolate from F to T, using some interpolation method, e.g. multivariate cubic spline
interpolation.
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g ChebTuck approximation: algebraic case

]3

In many applications, f not given explicitly in the full domain [—1,1

m But we only have access to its function values at the uniform grid points:

Fiyigis = FEN 42 O 4D — 14— Dby, i =1, g

11 7 71g Y 13 10

First step in our algorithm is to get T, i.e., function values at Chebyshev nodes.

Extrapolate from F to T, using some interpolation method, e.g. multivariate cubic spline
interpolation.

m Evaluate the interpolant ) at Chebyshev nodes to obtain T.
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ChebTuck approximation: algebraic case

m In many applications, f not given explicitly in the full domain [—1, 1]

m But we only have access to its function values at the uniform grid points:

Fiyigis = FEN 42 O 4D — 14— Dby, i =1, g

11 7 71g Y 13 10

m First step in our algorithm is to get T, i.e., function values at Chebyshev nodes.

m Extrapolate from F to T, using some interpolation method, e.g. multivariate cubic spline
interpolation.

m Evaluate the interpolant ) at Chebyshev nodes to obtain T.

m We consider here F is already in CP tensor format: F = ZkR:1 ﬁka,(gl) ® a,(f) ® a,(f’)
~ for general case, see arXiv 2503.01696.
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ChebTuck approximation: algebraic case (CP tensor input)

m For Fyy iy = (00, 6068), 89 = —14 (i~ Dhy, F= 27 ga) @2l ©al?).

11 7 71 ) T
m First step in our algorithm is to get T, i.e., function values at Chebyshev nodes.
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® ChebTuck approximation: algebraic case (CP tensor input)

For Fiy iy = f(8, 62 ¢0), ) = 14 (i~ Dhe, F = Y1 ga) @2l @ al?).

11 7 71 ) T
First step in our algorithm is to get T, i.e., function values at Chebyshev nodes.
Goal: leverage the low-rank structure of F to extrapolate to Chebyshev nodes.

Idea: construct wunivariate cubic spline interpolations of the canonical vectors a,(c) in each

mode and make tensor product summations of them.

N
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ChebTuck approximation: algebraic case (CP tensor input)

For Fiy iy = f(8, 62 ¢0), ) = 14 (i~ Dhe, F = Y1 ga) @2l @ al?).

11 7 71 ) T
First step in our algorithm is to get T, i.e., function values at Chebyshev nodes.
Goal: leverage the low-rank structure of F to extrapolate to Chebyshev nodes.

Idea: construct wunivariate cubic spline interpolations of the canonical vectors a,(c) in each

mode and make tensor product summations of them.

N

m Let q,g )(:cg) be the cubic spline of the data a,(c) on the uniform grid {t )}
£) (L
a () = 2 (io).

ip=11 i.e.,
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ChebTuck approximation: algebraic case (CP tensor input)

For Fiy iy = f(t, 62,60, 10 = 14 (i — Dhe, F= Y8 Ga)’ @ a?) @ a).
First step in our algorithm is to get T, i.e., function values at Chebyshev nodes.

Goal: leverage the low-rank structure of F to extrapolate to Chebyshev nodes.

Idea: construct wunivariate cubic spline interpolations of the canonical vectors a,(f) in each
mode and make tensor product summations of them.

Let q,g )(:cg) be the cubic spline of the data a,(c) on the uniform grid {t )} ie.,
a () = 2 (io).

Construct tensor product spline Q(x1,x2,x3) by

ip=1"

Q(x1, w2, w3) = kaq (21 qk (@ )qz(gg)(xs)
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S

ChebTuck approximation: algebraic case (CP tensor input)

For Fiyinio = [t 15 t0), 1) = =1+ (ie = Dhe, F= 21 G 02 @ af?).
First step in our algorithm is to get T, i.e., function values at Chebyshev nodes.

Goal: leverage the low-rank structure of F to extrapolate to Chebyshev nodes.

Idea: construct wunivariate cubic spline interpolations of the canonical vectors a,(c) in each

mode and make tensor product summations of them.

Let q,(f) (z¢) be the cubic spline of the data a,(f) on the uniform grid {tl(f
£) (L .
( )(t( )) _ a;g)( o).

Construct tensor product spline Q(x1,x2,x3) by

ne

ip=11 i.e.,

Q(x1, w2, w3) = kaq (21 qk (@ )qz(gg)(x:s)

Evaluate @) at Chebyshev nodes to obtain T ~~ T itself is in CP format
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Compute T and Chebyshev coefficients C

m Construct tensor product spline Q(z1, 2, x3) by

Q(z1,22,23) = kaq(l) (21)qy” (w2)qy (w3)
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Compute T and Chebyshev coefficients C

m Construct tensor product spline Q(z1, 2, x3) by

Q(z1,22,23) = kaq(l) (21)qy” (w2)qy (w3)

m Note: T itself is in CP format: Ty, ipis = SR, &t (s8)gl” (s&)gP (s17).

’Ll 12
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Compute T and Chebyshev coefficients C

m Construct tensor product spline Q(z1, z2, z3) by

Q(z1, 32, 23) Zﬁkq(l) (21)a” (22)af” (xs)

m Note: T itself is in CP format: Ty, j,.i, = Zleﬁ q,(cl)( (1))q,(€2)( (2))q,(€ )( (3)).

23

m Let q(e) € R™ be the evaluation of q(z) ) at {sPyme , e q() = q(z) )y,
k k ip Jip=1 k k

ZZ
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Compute T and Chebyshev coefficients C

m Construct tensor product spline Q(z1, z2, z3) by

Q(z1, 32, 23) Zﬁkq(l) (21)a” (22)af” (xs)

m Note: T itself is in CP format: Ty, j,.i, = Zleﬁ q,(cl)( (1))q,(€2)( (2))q,(€ )( (3)).

Sig
m Let q(e) € R™ be the evaluation of q,g) (x) at {sge Fiky, e q,(g)( 0) = qg)( (z)).

iy
n - T=30 1€qu ®q(2) q(3)-
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Compute T and Chebyshev coefficients C

m Construct tensor product spline Q(z1, z2, z3) by

$1,l‘2,l‘3 Z&k‘q )q]E;3)(:E3)

m Note: T itself is in CP format: Ty, j,.i, = Zleﬁ q,(cl)( (1))q,(€2)( (2))q,(€ )( (3)).

Sig
(0) ()

Let q(e) € R™¢ be the evaluation of q,(f) (z) at {Sge }fo L e, ap (ig) = a (s (f))_

iy
n - T=30 1€qu ®q(2) q(3)-

B C=Tx; WO s W x; WO =R ¢ (W(l)q;(cl)) ® (W(Q)q;(f)) ® (W<3)q](cs))_
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Compute T and Chebyshev coefficients C

m Construct tensor product spline Q(z1, z2, z3) by

$1,l‘2,l‘3 Z&k‘q )q]E;3)(:E3)

m Note: T itself is in CP format: Ty, j,.i, = Zleﬁ q,(cl)( (1))q,(€2)( (2))q,(€ )( (3)).

Sig
m Let q(e) € R™ be the evaluation of q,(f) (x) at {sge Fiky, e q,(g)( 0) = qg)( (z)).

iy
n - T=30 1€qu ®q(2) q(3)-

B C=Tx; WO xoW® xs Wb = Zf (W(l)q(l)) ® (W@)q,(f)) ® (W(:”)q,(f)).
mletcl? =g, c=F gV wc? @c?.
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Compute T and Chebyshev coefficients C

m Construct tensor product spline Q(z1, z2, z3) by

1‘1,1‘2,1‘3 Z&k‘q )q]E;3)(:E3)

m Note: T itself is in CP format: Ty, 1,5 = Soi, &t (s ) g (s12)a”) (s17).

Sig
m Let q( ) € R™ be the evaluation of q,(f) (x) at {sge Fiky, e q,(g)( 0) = qg)( Z(f)).
= T=%0 ga) @q @q.

B C=Tx; WO 5y W xy W6 = z;j e (WWa) @ (WPeP) @ (Wg).

m Let cg) =w )q,(f), ~ C=YP ¢ ck ) ® c(2) ® 0(3)

(0 (£)

m Note: c¢,” € R™ are the Chebyshev coefficients of the univariate spline ¢, i.e.,

g’(f)( )= ijl c,(f)(])TJ_l( ) ~ and interpolate q,i )( ).
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Transform C to Tucker format

m C= ZkRzl gkc,(:) ® c,(gz) ® c,(gg).

m CP to Tucker transformation: RHOSVD of C.

Let OO = [cgz), e ,c%)] € RmexR ¢ ¢ REXEXR diagonal tensor ~
C=¢x1 00 xyC@ %500,

Compute rank-r; approximation of C) =~ VO
C~x~ (£ X1 U(l) X9 U(2) X3 U(g)) X1 V(l) X9 V(z) X3 V(g)

::ﬂERT‘I XroXrs
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’\4\ ChebTuck approximation: algebraic case (CP tensor input, Reduced
>

Algorithm 2 ChebTuck Approximation: algebraic case (CP tensor input, Reduced)

Require: Given a tensor F € R™"*"2X"s in CP format discretizing function f : [~1,1]> — R on
the uniform grid, the degree of Chebyshev polynomials in each dimension mi,ms, ms and
Tucker-ALS truncation error € > 0.

Ensure: The ChebTuck format fm of f.

1: Construct univariate splines q,(f) (z¢) of data a,(f).

2: Evaluate q,(f)(:v) at {s }u e, q,(c)(ig) = q,(f)(sgf)).

3: Compute the Chebyshev coefficients c,(g) =w® ,(f)

4: Apply RHOSVD to the CP tensor C = EkRzlf c(l) ®c/$C ) ®c§C ) to obtain its Tucker format
Band VD v yG)

5: Perform lines 4-5 in Algorithm 1.
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% ChebTuck approximation error bound: CP tensor input, Reduced

m Note: T itself is in CP format: Ty, ;)5 = Ek L&k q(l)( (1)) ( (2)) ( )
Let q,(f) € R"™ be the evaluation of q,(~c )(x) at {Sie }Z‘f Lie qk ( () = q ( (f))_

e

B C=Tx; WO xo W@ x5 WG = Zﬁi (Wa)q( >) ® ( <2>q§f>) ® ( <3>q]<j>)_

m Let c,(f) =wl )q,(f), ~ C = Zk 1 &k c,~C ) ® c(2) ® c(3)

= Note: c\”) € R™ are the Chebyshev coefficients of the univariate spline q(e), i.e.,
k k

g,(f)( ) =20 c,(f)(])Tj 1(z) &~ and interpolate q,(f)( ).

m Let § = maxyy ||qk — 95 )Hoor ¢ be the RHOSVD truncation error.

Theorem (Benner, Khoromskaia, Khoromskij, S., 2025, arXiv 2503.01696)

max |fn (8,62, 63)) — Fiy 4, 50| < € ]1eds + mY2|¢]le S ||€]1edeC™ + m/?

(3 9 g 7,
i1,i2,i3 S e
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Organization

3. Applications to multi-particle modelling

Bonan Sun, bsun@mpi-magdeburg.mpg.de, https .gi i ChebTuck format


mailto:bsun@mpi-magdeburg.mpg.de
https://bonans.github.io/

Multi-particle potential

m Calculation of a weighted sum of interaction potential:

N
P(z) = szp(Hx —z]), 2z €Rand z,,z € [-1,1]%
v=1

!Bertoglio & Khoromskij, Comp. Phy. Comm. 183.4 (2012): 904-912.
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Multi-particle potential

m Calculation of a weighted sum of interaction potential:
N
P(z) = szp(Hx —z), 2z €Rand z,,z € [-1,1]%
v=1

m p(||lx||): generating kernel, radial symmetric, slowly decaying and singular at the origin
z = 0.

!Bertoglio & Khoromskij, Comp. Phy. Comm. 183.4 (2012): 904-912.
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Multi-particle potential

m Calculation of a weighted sum of interaction potential:
N
P(z) = szp(Hx —z), 2z €Rand z,,z € [-1,1]%
v=1

m p(||z]]): generating kernel, radial symmetric, slowly decaying and singular at the origin
z = 0.

= E.g.: Newton (Coulomb) 1/|z|, Slater e =l and Yukawa e=*I#ll /||z|| potentials.

!Bertoglio & Khoromskij, Comp. Phy. Comm. 183.4 (2012): 904-912.
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Multi-particle potential

Calculation of a weighted sum of interaction potential:

N
P(z) = szp(Hx —z), 2z €Rand z,,z € [-1,1]%
v=1

p(||x||): generating kernel, radial symmetric, slowly decaying and singular at the origin
z = 0.

E.g.: Newton (Coulomb) 1/||x|

Fact: there exists analytic CP approximation for p(||z|) ~ also for P(x).

, Slater eIl and Yukawa e~ *#ll /||z|| potentials.

Focus on Newton.

!Bertoglio & Khoromskij, Comp. Phy. Comm. 183.4 (2012): 904-912.
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Analytic CP approximation for Newton kernel

B P € R"1X"2X73: projection-collocation tensor of Newton kernel p(z) = 1/[|z|| on a n1 X na x ng 3D uniform grid:

(D @

Di ::/ wl($)dx— / / dx1d$2d:1,‘3’
SR <1) @ @ |$||

B Multi-index: i = (i1,42,43) € {1,---,n}3; grid points: t( T (¢ — 1)hy; grid size: hy =2/(ngy — 1)

B Basis function 1;: piecewise constant functions ;(x) = 1/;11 (21)iy (x2)2iy (23), Vi, (xe) = X[ (0 t(g))(xe)/hg
ig—1'"ig

B WLOG, assume n1 = no = n3 = n and use h and ti, to denote grid size and points.

m 3 quadrature points and weights {n,wi L, s.t.

ﬁ — 224:1 wke_nz”x”2‘ s e_am
€T

m Replace 1/||z|| by the above exponential sum:
1 M tiy 22 Lig 22 tig —n2a2
pi%ﬁg Wi e "1 d e k"2 d 9 e "3 d g
k=1 tip—1 tig—1 tig—1

~P~x~Pp= Zk 1P(1) ® pl(f) ® pl(cg)
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Analytic CP approximation for Newton kernel

m P € R™M>"2XM3: projection-collocation tensor of Newton kernel p(z) = 1/||z|| on a
n1 X ng X ng 3D uniform grid:

(O

Pi ::/ wi(x)dw_ / / d.%'ldxgdmgg,
13 1l ), S S ]
m P~Ppr= Zk 1 p(l) ® p,(f) ® p,g). Plot of the canonical vectors pl(cl) along the z-axis:
25F
5l
1.5}

1t
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m Algebraic tensor format of Newton:P ~ Pp = EkRzl pk1 ® pk2 ® pk3 . Storage: O(dnR)

m ChebTuck: fm (1,20, 33) = S 117203 ﬂil,iz,igvﬁ)(ml)vg)(xg)vg)(mg), vgf)(mg) =

11,i2,i3=1
>ty I/j(;gesz_l(xg). Storage: O(dmr + 13)
err 1= max Pr(i1,i2,1/2) — fm(tiy: tiys tay2) /Iz.n%X [P r(i1,i2,n/2)|
1,22 1,22

N 129 257 513 1025 2049 4097 8193 16385

256 041 0.07 7.7-10% 69-107* 20-107* 85-107% 1.6-107% 3.5.-1077
512 0.71 0.41 0.07 77-107% 6.9-100* 2.0-10* 85-107% 16-1076

1024 092 0.71 0.41 0.07 77-100% 6.9-107% 2.0-107% 85-1076
2048 1.06 0.92 0.71 0.41 0.07 77-1073% 6.9-107% 2.0-107*
4096 1.16 1.06 0.92 0.71 0.41 0.07 7.7-107% 6.9-107%
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ChebTuck approximation of the long-range part of Newton kernel

Algebraic tensor format of Newton:P ~ P = ZkRzl P, ®Pp, @p; -

Pr,: highly localized and sparse.

n
m Range-separation Pr = Ppg, + PRlz.
n
n

Ppg,: well approximated by ChebTuck.

N 129 257 513 1025 2049 4097
256 84-107% 74-107% 73-107% 49-107% 16-1079 1.8-10°10
512 52-107% 5.2-107% 4.6-1078% 46-107% 3.0-107° 9.9.-10710
1024 94-107° 94-107% 94-1079 87-1079 86-1072 57.10°10
2048 36-107° 1.7-107? 1.7-107% 1.7-1072 16-1072 1.6-10°
4096 1.1-107* 75-1071° 74.10719 74.10719 74.10°10 7.1.10710

Good approximation accuracy with m < n/!

?Benner, Khoromskaia, Khoromskij, SISC 40.2 (2018): A1034-A1062.
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% CP approximation of mutli-particle potential

m P(z) =3 zp(||z — 2,]]) is sum of shifted Newton.

m CP format of Newton: Pr = Zle p,(cl) ® p,(f) ® p,g).
m Let P be the projection-collocation tensor of P(x).

m It can be shown: Pj can be constructed by shifted single Newton P 3.
m Similar range-separation: Py = P + P;.
|

For a protein-like molecule with N = 500. Plot of canonical vectors of P; and Py(:,:,n/2).

*Khoromskaia, Khoromskij, Comp. Phy. Comm. 185 (2014): 3162-3174.

Bonan Sun, bsun@mpi-magdeburg.mpg.de, https://bonans.github.io/ ChebTuck format


mailto:bsun@mpi-magdeburg.mpg.de
https://bonans.github.io/

a protein-like molecule

. 0-5\0 ~ »
05 050 05 59

Figure: Left: the middle slice fm( 5,1, ty2) of the ChebTuck format. Middle: the error during RHOSVD
compression, i.e. fm(, Hitng2) — fm(, ;,tn/2). Right: the total error fm(, Hitng2) = Pi(s,5n/2).

Theorem (Benner, Khoromskaia, Khoromskij, S., 2025, arXiv 2503.01696)

1 2 3 _
max | fn(t) 15, 67) = Fisyinis| € S 1€ll1ede™C™ + m?/2l¢|le
l],lg,lg N——
Error during RHOSVD approximation
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ChebTuck approximation error for lattice-type structure

x107® %108

.

05 -

T 05 = T
o, 05 -y 05
%5 050 5 0

-0.5

Figure: Left: the middle slice fm( 5,1, tn)2) of the ChebTuck format. Middle: the error during RHOSVD

compression, i.e. fm(, Hitng2) — fm(, ;,tn/2). Right: the total error fm(, Hitng2) = Pi(s,5n/2).

Theorem (Benner, Khoromskaia, Khoromskij, S., 2025, arXiv 2503.01696)

1 2 3 —
e | Fan(t]) ) ) = Fip iy € S Nelhede™Om +

m??||¢]le
———
Error during RHOSVD approximation

ChebTuck format
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S¢ Conclusions

m A mesh-free ChebTuck format
m Numerical schemes for computing ChebTuck format, with different input assumptions

m In case of rank-structured tensor approximation of target function discretized on large
spacial grid: ChebTuck is cheap to construct, accurate and storage efficient

m Future directions: more application scenarios, extend to higher dimensions, ...

m For more details: A mesh-free hybrid Chebyshev-Tucker tensor format with applications to
multi-particle modelling, https://arxiv.org/abs/2503.01696

Thank You for Your Attention!
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