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1. ChebTuck format introduction
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Algebraic low-rank tensor approximations

m Consider f:[-1,1]? = R, d = 3.

m Goal: approximate f with a small number of parameters ~~ cheap computations with f.
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Algebraic low-rank tensor approximations

m Consider f:[-1,1]? = R, d = 3.
m Goal: approximate f with a small number of parameters ~~ cheap computations with f.

m Grid-based methods: (algebraic) low-rank tensor approximation of function related
tensor F € R™"*"2x"3 e o Tucker format:

T1,72,73
~ § : (1) (2) (3)
F~ /Bilin:iSail ® ai2 ® ai3 :
11,12,i3=1
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¢ Algebraic low-rank tensor approximations
>

m Consider f:[-1,1]? = R, d = 3.

m Goal: approximate f with a small number of parameters ~~ cheap computations with f.

m Grid-based methods: (algebraic) low-rank tensor approximation of function related
tensor F € R™"*"2x"3 e o Tucker format:

T1,72,73

1 2 3
Z /BilyiQ:iSagl) ®az(2) ®a’53)

11,12,i3=1
m e.g., F contains the function values:

Fil,iz,is - f(t(l) t(2) t(3))7 t(g) =-1+ (Zf - 1)h55 if = 17 s, Ny,

11 7 12 7 13

or F contains projection of f on some basis functions

Fi inis =/[ . f(xl,xg,xg)qﬁ (x1)¢(2)( )qﬁl )(xg)dxl dzodzs.
11
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Algebraic low-rank tensor approximations

m Consider f:[-1,1]? = R, d = 3.

m Goal: approximate f with a small number of parameters ~~ cheap computations with f.

m Grid-based methods: (algebraic) low-rank tensor approximation of function related
tensor F € R™"*"2x"3 e o Tucker format:

T1,72,73

1 2 3
Fx Z 6i1,i2,isa§1) ® 32(2) ® 31(3)-
11,12,i3=1

m Storage: O(dnr + %), n = max{ni,ny,n3}, r = max{ry, re,73}.
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Algebraic low-rank tensor approximations

m Consider f:[-1,1]? = R, d = 3.

m Goal: approximate f with a small number of parameters ~~ cheap computations with f.

m Grid-based methods: (algebraic) low-rank tensor approximation of function related
tensor F € R™"*"2x"3 e o Tucker format:

T1,72,73
~ E : 1) (2) (3)
F~ /Bilin:iSail ® ai2 ® aig :
i1,i2,i3=1

Storage: O(dnr + %), n = max{ni, no,n3}, r = max{ry, ro, 73}

Disadvantage: large n required to achieve high accuracy.
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Algebraic low-rank tensor approximations

m Consider f:[-1,1]? = R, d = 3.

m Goal: approximate f with a small number of parameters ~~ cheap computations with f.

m Grid-based methods: (algebraic) low-rank tensor approximation of function related
tensor F € R™"*"2x"3 e o Tucker format:

T1,72,73
~ E : 1) (2) (3)
F~ /Bilin:iSail ® ai2 ® aig :
i1,i2,i3=1

Storage: O(dnr + %), n = max{ni, no,n3}, r = max{ry, ro, 73}

Disadvantage: large n required to achieve high accuracy.

m Mesh-free methods: functional low-rank tensor approx. ~~ focus on Tucker format.
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Functional low-rank tensor approximations

m Consider f: [~1,1]> — R. Goal: approximate f with a small number of parameters.
m Grid-based methods: (algebraic) low-rank tensor approximation of function related tensor
172,73
F G Rn1><n2><n3 F ~ Z 611,12’23 ( ) ®a( ) ® ag?)

11,12,43=1

Storage: O(dnr + r?).
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Functional low-rank tensor approximations

m Consider f: [~1,1]> — R. Goal: approximate f with a small number of parameters.
m Grid-based methods: (algebraic) low-rank tensor approximation of function related tensor

T1,72,73

FeR™W™™ Fr S B a0 ©a? oal.
11,82,13=1
Storage: O(dnr + r?).
m Mesh-free methods: functional low-rank tensor approx. ~~ focus on Tucker format:
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Functional low-rank tensor approximations

m Consider f: [~1,1]> — R. Goal: approximate f with a small number of parameters.
m Grid-based methods: (algebraic) low-rank tensor approximation of function related tensor
T1,72,73
FeR™W™™ Fr S B a0 ©a? oal.
i1,i2,i3=1
Storage: O(dnr + r?).
m Mesh-free methods: functional low-rank tensor approx. ~~ focus on Tucker format:

re re T3

Flanaa,z3) Y D Biivl) (w0)v) (w2)vl (xs),

i1=11i2=11i3=1

Bonan Sun, bsun@mpi-magdeburg.mpg.de, https://bonans.github.io/ ChebTuck format


mailto:bsun@mpi-magdeburg.mpg.de
https://bonans.github.io/

Functional low-rank tensor approximations

m Consider f: [~1,1]> — R. Goal: approximate f with a small number of parameters.

m Grid-based methods: (algebraic) low-rank tensor approximation of function related tensor
T1,72,73

1 2 3
F E RTL;{X'anTLg’ F ~ Z /Bil,i2,i3az(1) ® a§2) ® az(;g)'
7;157:2’7:3:1
Storage: O(dnr + r?).
m Mesh-free methods: functional low-rank tensor approx. ~~ focus on Tucker format:

T1 T2 T3

fanznes) = Y S0 S Biiavs (@)ol? (@2)v (x3),

i1=112=113=1

m Various operations can be performed efficiently, e.g., integration:

T1,72,T3 1 1
f(w1, 20, 23)d Z ,3@1,12,@3 i V(z))da vg)(wz)dl"z vg’)(xg)dxg
[_171]3 —1

11,12,i3=1 -1
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Functional low-rank tensor approximations

m Consider f: [~1,1]> — R. Goal: approximate f with a small number of parameters.
m Grid-based methods: (algebraic) low-rank tensor approximation of function related tensor

12,3
1 2 3
F E Rn1><'n2><ng7 F ~ Z ﬁil,i27i3az(1) ® a’l(Q) ® a7§3)'
11,82,i3=1
Storage: O(dnr + r?).
m Mesh-free methods: functional low-rank tensor approx. ~~ focus on Tucker format:
T1 T2 T3

fanznes) = Y S0 S Biiavs (@)ol (@)l (x3),

i1=11i2=113=1

m Proper parameterization of vgf) (x¢)
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Functional low-rank tensor approximations

m Consider f: [~1,1]> — R. Goal: approximate f with a small number of parameters.
m Grid-based methods: (algebraic) low-rank tensor approximation of function related tensor
T1,72,73
F e R’I’L1Xn2><n3, F~ Z Bi1,i2,i3az(il) ® 3522) ® ag)
i1,i2,i3=1
Storage: O(dnr + r?).
m Mesh-free methods: functional low-rank tensor approx. ~~ focus on Tucker format:

T1 T2 T3

flan ez, as) ~ 30305 Biaiyvl (@0)vl) (w2)vl) (3),

i1=1142=1143=1

m Proper parameterization of vff) (ze) =270 V](e Zlsz_l(:Ug), Tj,(x) = cos(jy arccos(x)).
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N Functional low-rank tensor approximations
>

m Consider f: [~1,1]> — R. Goal: approximate f with a small number of parameters.
m Grid-based methods: (algebraic) low-rank tensor approximation of function related tensor
T1,72,73
1 2 3
F c R’I’L1Xn2><n3, F ~ Z Bi1,i2,i3az(1) ® az(z) ® a§3)'
11,12,i3=1
Storage: O(dnr + r?).
m Mesh-free methods: functional low-rank tensor approx. ~~ focus on Tucker format:
T1 T2 T3

f($17m27x3) ~ Z Z Z IBil;i27iSU'L'(11)(x ) ( )(332) ( )(1’3),

i1=1142=1143=1

m Proper parameterization of vff) (me) =205 V](EZZ ii—1(ze), Tj,(x) = cos(jg arccos(x)).

m Storage: O(dmr +r?). m < n for the same accuracy as grid-based methods.
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Consider f : [-1,1]®> — R. Goal: approximate f with a small number of parameters.
Grid-based methods: (algebraic) low-rank tensor approximation of function related tensor

S Functional low-rank tensor approximations
|
|

T1,72,73
1 2 3
F c R’I’L1Xn2><n3, F ~ Z Bi1,i2,i3az(1) ® agz) ® a§3)'
11,82,i3=1
Storage: O(dnr + r?).
m Mesh-free methods: functional low-rank tensor approx. ~~ focus on Tucker format:

T1 T2 T3

flan ez, as) ~ 30305 Biaiyvl (@0)vl) (w2)vl) (3),

i1=1142=1143=1

¢ .

@) = S Vi) T (), Ty, (@) = cos(ji arceos(w)).
Storage: O(dmr +r?). m < n for the same accuracy as grid-based methods.

We call it ChebTuck format. It is also the format Chebfun3 [Hashemi/Trefethen'17] assumes.

Proper parameterization of v
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Consider f : [-1,1]®> — R. Goal: approximate f with a small number of parameters.
Grid-based methods: (algebraic) low-rank tensor approximation of function related tensor

S Functional low-rank tensor approximations
|
|

T1,72,73

F c R’I’L1Xn2><n3, F ~ Z Bi1,i2,i3az(11) ® ag) ® a(3)‘

13
11,82,i3=1
Storage: O(dnr + r?).
m Mesh-free methods: functional low-rank tensor approx. ~~ focus on Tucker format:

T1 T2 T3

flan ez, as) ~ 30305 Biaiyvl (@0)vl) (w2)vl) (3),
i1=1io=11i3=1

¢ m .

) (@e) = X Vi, T (), Ty, () = cos(jearceos(a)).

Storage: O(dmr +r?). m < n for the same accuracy as grid-based methods.

We call it ChebTuck format. It is also the format Chebfun3 [Hashemi/Trefethen'17] assumes.
Goal: given f, compute its ChebTuck approximation.

Proper parameterization of v
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Organization

2. Numerical schemes for ChebTuck approximation
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ChebTuck approximation: functional case

m Goal: approximate f in ChebTuck format:

fl@1, 22, 23) ~ ZZZ@WS v (@1)o? ()0l (x3), vl Z O Ty,—1(xe).

11=11i2=1143=1 Je=1
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ChebTuck approximation: functional case

m Goal: approximate f in ChebTuck format:

Fl@y, 22, 23) ~ Z Z Z Biviais v (@1)00 (w2)0l? (23), v (w0) = Z VO T, (xe).

11=11i2=1143=1 Je=1

m Start from multivariate Chebyshev interpolant fm, of f:

mi1 Mz M3

f(x17$27m3) ~ fm(x1’x27x3 Z Z Z 011,12,13 11— (xl)Tlg— (xQ)ﬂ3— (x?:)

7,1—1 7,2—1 ’Lg—
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ChebTuck approximation: functional case

m Goal: approximate f in ChebTuck format:

Fl@y, 22, 23) ~ Z Z Z Biviais v (@1)00 (w2)0l? (23), v (w0) = Z VO T, (xe).

11=1io=11i3=1 Je=1

m Start from multivariate Chebyshev interpolant fm, of f:

mi1 Mz M3

f(x17$27m3) ~ fm(xlax%x?) Z Z Z CZ1,Z2,Z3 i1—1 (xl)le— (xQ)Tls— (.’Eg)

7,1—1 7,2—1 ’Lg—

m where C € R *™2XM3 contains the Chebyshev coefficients
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% ChebTuck approximation: functional case

m Goal: approximate f in ChebTuck format:

¢ - Y4
f(z1, 39, 73) Z Z Zﬂh,wg v (@) (@2)ol (a3), o (o) = Zng ) Tjo—1 (o).

11=11i2=1143=1 Je=1

m Start from multivariate Chebyshev interpolant fm, of f:

mi1 Mz M3

f(xlvx%m?)) fm (El,.’ﬂQ,Ig Z Z Z CZ1,Z2,Z3 i1— 1({E1)T12 1(x2)TZs 1(.’53)

’Ll 112 113 1

m where C € R"1*™2XM3 contains the Chebyshev coefficients computed by
C=Tx; WD xa W x5 WO for some DCT matrices W)
1) (2 6 ¢ .
Tivinia = [(s1)) 51,55 ), 51, = cos((ip — D)/ (me — 1))
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% ChebTuck approximation: functional case

m Goal: approximate f in ChebTuck format:

2 3 é
fx1, w0, 3) ~ Z Z Zﬂh,wg v (@) (@) 0l (23), v Zng ) T (o).

11=11i2=1143=1 Je=1

m Start from multivariate Chebyshev interpolant fm, of f:

mi1 Mz M3

f(xlvx%m?)) fm (El,.’ﬂQ,Ig Z Z Z CZ1,Z2,Z3 i1— 1({E1)T12 1(x2)TZs 1(.’53)

’Ll 112 113 1

m where C € R"1*™2XM3 contains the Chebyshev coefficients computed by
C=Tx; WD xa W x5 WO for some DCT matrices W)
1) (2 6 ¢ .
Tivinia = [(s1)) 51,55 ), 51, = cos((ip — D)/ (me — 1))

= Compute the Tucker approximation of C: Cx~ C =8 x; VI x, V@ x, V)
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% ChebTuck approximation: functional case

m Goal: approximate f in ChebTuck format:

2 3 é
fx1, w0, 3) ~ Z Z Zﬂh,wg v (@) (@) 0l (23), v Zng ) T (o).

i1=14o=1i3=1 Je=1
m Start from multivariate Chebyshev interpolant fm, of f:

mi1 Mz M3

f(xlvx%m?)) fm (El,.’ﬂQ,Ig Z Z Z CZ1,Z2,Z3 i1— 1({E1)T12 1(x2)TZs 1(.’53)

’Ll 112 113 1

m where C € R"1*™2XM3 contains the Chebyshev coefficients computed by
C=Tx; WD xa W x5 WO for some DCT matrices W)
T iais = F(si, )55, 51 ), 8ty = cos((ie = D)/ (me = 1))
= Compute the Tucker approximation of C: Cx~ C =8 x; VI x, V@ x, V)
m Plugging Cin fm gives the ChebTuck approximation.
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% ChebTuck approximation: functional case

m Start from multivariate Chebyshev interpolant fy, of f:
f@1,w2,33) & fm(w1, 22, 23) Z Z Z Cisinis Tin—1(21) Tiy 1 (22) Tig -1 (23),
11=1io=11i3=1
m where C € R *™2XM3 contains the Chebyshev coefficients computed by
C=Tx; WD xa W x5 W® for some DCT matrices W)
(2 (3 ‘ .

Tirizie = (s}, s ) sty = cos((ie = L)/ (me — 1)
= Compute the Tucker approximation of C: C~ C = 3 x; VI x, V) x5 V)
m Plugging Cin fm gives the ChebTuck approximation.

Bonan Sun, bsun@mpi-magdeburg.mpg.de, https://bonans.github.io/ ChebTuck format


mailto:bsun@mpi-magdeburg.mpg.de
https://bonans.github.io/

% ChebTuck approximation: functional case

m Start from multivariate Chebyshev interpolant fy, of f:
~ mi mao ms3
f@r, w2, 23) & fm(@r,00,23) = > > Ciy iy iy Tiy -1 (1) Tiy—1 (22) Tiy -1 (23),
i1=1iy=11iz=1
m where C € R *™2XM3 contains the Chebyshev coefficients computed by
C=Tx; WD xa W x5 W® for some DCT matrices W)
1) (2 6 ‘ .

Tivinis = S5, 02 o 5()))o s, = cos((ie = D/ (my — 1))
= Compute the Tucker approximation of C: C~ C = 3 x; VI x, V) x5 V)
Plugging Cin fm gives the ChebTuck approximation.

m ChebTuck approximation ~+ reduced to Tucker decomposition.
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% ChebTuck approximation: functional case

m Start from multivariate Chebyshev interpolant fy, of f:
~ mi mao ms3
Fl@r, w2, 23) & fm(21,22,28) = > > Y Ciy iy s Tiy -1 (1) Tiy—1 (22) Ty 1 (w3),
i1=1iy=11ig=1
m where C € R *™2XM3 contains the Chebyshev coefficients computed by
C=Tx; WD xa W x5 W® for some DCT matrices W)
Tiyiniy = F(s)) 50, 50)), 51 = cos((ip — 1)/ (mg — 1))

11 2 %19 %13 /) T4y
= Compute the Tucker approximation of C: C~ C = 3 x; VI x, V) x5 V)
Plugging Cin fm gives the ChebTuck approximation.

m ChebTuck approximation ~+ reduced to Tucker decomposition.

Many algorithms available: [Hashemi/Trefethen’17] & [Dolgov/Kressner/Stroessner'21] applied vairants of
Cross3D [Rakhuba/Oseledets'15] to T.
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ChebTuck approximation: CP tensor input

= In many applications, f not given explicitly in the full domain [—1,1]3

for general case, see Benner, Khoromskaia, Khoromskij, S., 2025, arXiv 2503.01696
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ChebTuck approximation: CP tensor input

= In many applications, f not given explicitly in the full domain [—1,1]3

m But we only have access to its function values at the uniform grid points:

Fi sy = f(t(l) t('2) t('s))v tz('f) =-1+ (il - ].)h[, tg=1,---,ng

21 7 71 ) 713

for general case, see Benner, Khoromskaia, Khoromskij, S., 2025, arXiv 2503.01696
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ChebTuck approximation: CP tensor input

= In many applications, f not given explicitly in the full domain [—1,1]3

m But we only have access to its function values at the uniform grid points:

Fi sy = f(t(l) t('2) t('s))v tz('f) =-1+ (il - ].)h[, tg=1,---,ng

21 7 71 ) 713

m We consider here F is already in CP tensor format!: F = Z?:l §ka,(€1) ® a,(f) ® a,(f’)

for general case, see Benner, Khoromskaia, Khoromskij, S., 2025, arXiv 2503.01696
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ChebTuck approximation: CP tensor input

= In many applications, f not given explicitly in the full domain [—1,1]3
m But we only have access to its function values at the uniform grid points:

Fiiizis = f(t(l) t('2) t('g))’ tz('f) =-—1+ (if - ]-)hf, ip=1,---,ng.

21 7 71 ) 713
m We consider here F is already in CP tensor format!: F = Z,I::l §ka,il) ® aff) ® a,(f’)

Claim: 3D Chebyshev interpolation is not needed — C can be computed in O(d) time.

for general case, see Benner, Khoromskaia, Khoromskij, S., 2025, arXiv 2503.01696
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ChebTuck approximation: CP tensor input

= In many applications, f not given explicitly in the full domain [—1,1]3
m But we only have access to its function values at the uniform grid points:

Fiiizis = f(t(l) t('2) t('g))’ tz('f) =-—1+ (if - ]-)hf, ip=1,---,ng.

21 7 71 ) 713
m We consider here F is already in CP tensor format!: F = Z,I::l §ka,il) ® aff) ® a,(f’)

Claim: 3D Chebyshev interpolation is not needed — C can be computed in O(d) time.

Step 1: Compute the cubic splines q,f of data a,f on grid {t! g

0 ip=1"

for general case, see Benner, Khoromskaia, Khoromskij, S., 2025, arXiv 2503.01696
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% ChebTuck approximation: CP tensor input

= In many applications, f not given explicitly in the full domain [—1,1]3

m But we only have access to its function values at the uniform grid points:

Fil,iz,is = f(t(l) t(2) t(3))’ (E) -1+ (ZZ - ]-)hf, =1, Tig.

21 7 71 ) 713
>®a§€2> ®)

m We consider here F is already in CP tensor formatl: F= Zk:l §kak1 ® ay;

Claim: 3D Chebyshev interpolation is not needed — C can be computed in O(d) time.

Step 1: Compute the cubic splines q,f of data a,f on grid {tf o
Step 2: Compute 1D Chebyshev interpolant of q(l) )(x) E;n:“:l c,(f) (1)Tj-1(z)

for general case, see Benner, Khoromskaia, Khoromskij, S., 2025, arXiv 2503.01696
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% ChebTuck approximation: CP tensor input

= In many applications, f not given explicitly in the full domain [—1,1]3
m But we only have access to its function values at the uniform grid points:
‘
Fiyizis = F 62 49), 8 = <14 (i = Dby, ie =1, ne

m We consider here F is already in CP tensor format!: F = Zk:l §kak1) ® aff) ® a(3)

Claim: 3D Chebyshev interpolation is not needed — C can be computed in O(d) time.
Step 1: Compute the cubic splines q,f of data a,f on grid {tf gz
Step 2: Compute 1D Chebyshev interpolant of q(l) )(x) S ®) (1)Tj-1(z)
Step 3: C = Zk lﬁkc ®c§G ) ®c(3)

for general case, see Benner, Khoromskaia, Khoromskij, S., 2025, arXiv 2503.01696
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% ChebTuck approximation: CP tensor input

= In many applications, f not given explicitly in the full domain [—1,1]3
m But we only have access to its function values at the uniform grid points:
‘
Fiyizis = F 62 49), 8 = <14 (i = Dby, ie =1, ne

m We consider here F is already in CP tensor format!: F = Zk:l §kak1) ® aff) ® a(3)

Claim: 3D Chebyshev interpolation is not needed — C can be computed in O(d) time.
Step 1: Compute the cubic splines q,f of data a,f on grid {tf gz
Step 2: Compute 1D Chebyshev interpolant of q(l) )(x) S ®) (1)Tj-1(z)
Step 3: C = Zk lﬁkc ®c§G ) ®c(3)

m CP to Tucker transformation: RHOSVD [Khoromskij/Khoromskaia’09] of C ~» ChebTuck format.

for general case, see Benner, Khoromskaia, Khoromskij, S., 2025, arXiv 2503.01696
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% ChebTuck approximation: CP tensor input

= In many applications, f not given explicitly in the full domain [—1,1]3
m But we only have access to its function values at the uniform grid points:
‘
Fil,iz,ia = f(tgll)atg?atg))ﬂ ( )= -1+ (Zf - ]-)hf, =1,

m We consider here F is already in CP tensor format!: F = Zk 1 §kak1) ® a(2) ® a(S)

Ny.

Claim: 3D Chebyshev interpolation is not needed — C can be computed in O(d) time.
Step 1: Compute the cubic splines qke of data a,f on grid {tif gz
Step 2: Compute 1D Chebyshev interpolant of q(z) (E) (z) =S ®) (1)Tj-1(z)
Step 3: C = Zk lfkc <§§)c§G ) ®c(3)

m CP to Tucker transformation: RHOSVD [Khoromskij/Khoromskaia’09] of C ~» ChebTuck format.

m Approx. error can be bounded by § := max;, ¢ ||q,(f) — g,(f)Hoo & ¢ := RHOSVD truncation error.

for general case, see Benner, Khoromskaia, Khoromskij, S., 2025, arXiv 2503.01696
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ChebTuck approximation error bound: CP tensor input

Theorem (Benner, Khoromskaia, Khoromskij, S., 2025, arXiv 2503.01696)

Fan (@82 85 — Py g | < [1€ll1eds + ||€]|m®2e

max i1 9 Vig o Uig

11,12,13

B 0 = maxyy ||q,(f) - g,(f)Hoo, ¢ is the RHOSVD truncation error.

m 5 < e 91 for smooth q,(f)

—Cor

mc<e for a class of Green's functions [Hackbusch/Khoromskij'08].
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Organization

3. Applications to multi-particle modelling
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Multi-particle potential

m Calculation of a weighted sum of interaction potential:

N
P(x) = szp(Hm —zy|]), 2o € Rand z,,z € [-1,1]%.

v=1

?Bertoglio & Khoromskij, Comp. Phy. Comm. 183.4 (2012): 904-912.
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Multi-particle potential

m Calculation of a weighted sum of interaction potential:

N
P(x) = szp(Hm —zy|]), 2o € Rand z,,z € [-1,1]%.

v=1

m p(||x||): generating kernel, radial symmetric, slowly decaying, singular at x = 0.

?Bertoglio & Khoromskij, Comp. Phy. Comm. 183.4 (2012): 904-912.
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Multi-particle potential

m Calculation of a weighted sum of interaction potential:

N
P(x) = szp(Hm —zy|]), 2o € Rand z,,z € [-1,1]%.

v=1

m p(||x||): generating kernel, radial symmetric, slowly decaying, singular at x = 0.
= E.g.: Newton (Coulomb) 1/|z|, Slater e =l and Yukawa e=*IZll /||z|| potentials.

?Bertoglio & Khoromskij, Comp. Phy. Comm. 183.4 (2012): 904-912.
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Multi-particle potential

m Calculation of a weighted sum of interaction potential:

szp (|l — zy|]), 2o € R and z,,z € [-1,1]%.

v=1

m p(||x||): generating kernel, radial symmetric, slowly decaying, singular at x = 0.

=Allz]

m E.g.: Newton ( , Slater e , and Yukawa e~ ?M#ll /||z| potentials.

m Fact: there exists analytic CP approximation for p(||z||) ~ also for P(x)2.

m Focus on Newton.

?Bertoglio & Khoromskij, Comp. Phy. Comm. 183.4 (2012): 904-912.
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Analytic CP approximation for Newton kernel

m P € R™M>"2XM3: projection-collocation tensor of Newton kernel p(z) = 1/||z|| on a
n1 X ng X ng 3D uniform grid:

(O

Pi ::/ wi(x)dw_ / / d.%'ldxgdmgg,
13 1l ), S S ]
m P~Ppr= Zk 1 p(l) ® p,(f) ® p,g). Plot of the canonical vectors pl(cl) along the z-axis:
25F
5l
1.5}

1t
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ChebTuck approximation of the Newton kernel

m Algebraic tensor format of Newton:P ~ Pp = Zle P, ®p, ®@p, . Storage: O(dnR)
m ChebTuck storage: O(dmr + 13)

err := max ‘PR(il,ig,n/2) - fm(til,tiz,tn/Q) /Igl%XlPR(il,ig,n/2)|
1,22

11,22

N 129 257 513 1025 2049 4097 8193 16385

256 041 007 7.7-10% 6.9-100* 20-10* 85-10% 16-107% 3.5-1077
512 071 0.41 0.07 7.7-107% 6.9-100* 2.0-107* 85-107% 1.6-1076

1024 092 0.71 0.41 0.07 77-107% 6.9-100* 2.0-10* 85-10°°
2048 1.06 0.92 0.71 0.41 0.07 7.7-107% 6.9-107%* 2.0-10°%
4096 1.16 1.06 0.92 0.71 0.41 0.07 7.7-107% 6.9-107%

Polynomial approximation does not work for singular functions! ~-+ range separation needed.
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ChebTuck approximation of the long-range part of Newton kernel

Algebraic tensor format of Newton:P ~ P = ZkRzl P, ®Pp, @p; -

Pr,: highly localized and sparse.

n
m Range-separation Pr = Ppg, + PRl3-
n
n

Ppg,: well approximated by ChebTuck.

N 129 257 513 1025 2049 4097
256 84-107% 74-107% 73-107% 49-107% 16-1079 1.8-10°10
512 52-107% 5.2-107% 4.6-1078% 46-107% 3.0-107° 9.9.-10710
1024 94-107° 94-107% 94-1079 87-1079 86-1072 57.10°10
2048 36-107° 1.7-107? 1.7-107% 1.7-1072 16-1072 1.6-10°
4096 1.1-107* 75-1071° 74.10719 74.10719 74.10°10 7.1.10710

Good approximation accuracy with m < n/!

*Benner, Khoromskaia, Khoromskij, SISC 40.2 (2018): A1034-A1062.
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% CP approximation of mutli-particle potential

m P(z) =3 zp(||z — 2,]]) is sum of shifted Newton.

m CP format of Newton: Pr = Zle p,(cl) ® p,(f) ® p,g).
m Let P be the projection-collocation tensor of P(x).

m It can be shown: Py can be constructed by shifted single Newton P z*.
m Similar range-separation: Py = P + P;.
|

For a protein-like molecule with N = 500. Plot of canonical vectors of P; and Py(:,:,n/2).

*Khoromskaia, Khoromskij, Comp. Phy. Comm. 185 (2014): 3162-3174.

Bonan Sun, bsun@mpi-magdeburg.mpg.de, https://bonans.github.io/ ChebTuck format


mailto:bsun@mpi-magdeburg.mpg.de
https://bonans.github.io/

a protein-like molecule

5 ~. o o
0.5\?\X\ 05 0.5 0 \\///(//A/ 05 0.5 0\\\\//4// 05
05 7 59 0.5 0 0

-0.5 -0.5 -0.5

Figure: Left: middle slice fm(:, 5, tn/2) of ChebTuck format. Middle: error during RHOSVD compression,
i.e. fm<2,2,tn/2) - fm(:,:,tn/g). Right: total error fm(:, Htng2) = Pi(i,5,n/2). no= 2048, m = 129.

Theorem (Benner, Khoromskaia, Khoromskij, S., 2025, arXiv 2503.01696)

max | fn(t, 62, 87) — iy i o] € S €llede O™ + € ||m/2e=C2r
——

, > 11 ) i 0 e
11,12,23 ! 2 3

Error during RHOSVD approximation
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ChebTuck approximation error for lattice-type structure

x107® %108

.

05 -

T 05 = T
o, 05 -y 05
%5 050 5 0

-0.5

Figure: Left: the middle slice fm( 5,1, tn)2) of the ChebTuck format. Middle: the error during RHOSVD

compression, i.e. fm(, Hitng2) — fm(, ;,tn/2). Right: the total error fm(, Hitng2) = Pi(s,5n/2).

Theorem (Benner, Khoromskaia, Khoromskij, S., 2025, arXiv 2503.01696)

2 3 — —
maxt |fua(t)) 43, 6) = Fiyipo| e S lehede @™+ gm0

_
Error during RHOSVD approximation

ChebTuck format
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Conclusions

m A mesh-free ChebTuck format
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Conclusions

m A mesh-free ChebTuck format

m Numerical schemes for computing ChebTuck format, with different input assumptions
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Conclusions

m A mesh-free ChebTuck format

m Numerical schemes for computing ChebTuck format, with different input assumptions

m In case of rank-structured tensor approximation of target function discretized on large
spacial grid: ChebTuck is cheap to construct, accurate and storage efficient
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S¢ Conclusions

m A mesh-free ChebTuck format
m Numerical schemes for computing ChebTuck format, with different input assumptions

m In case of rank-structured tensor approximation of target function discretized on large
spacial grid: ChebTuck is cheap to construct, accurate and storage efficient

m For more details: A mesh-free hybrid Chebyshev-Tucker tensor format with applications to
multi-particle modelling, https://arxiv.org/abs/2503.01696
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S¢ Conclusions

m A mesh-free ChebTuck format
m Numerical schemes for computing ChebTuck format, with different input assumptions

m In case of rank-structured tensor approximation of target function discretized on large
spacial grid: ChebTuck is cheap to construct, accurate and storage efficient

m For more details: A mesh-free hybrid Chebyshev-Tucker tensor format with applications to
multi-particle modelling, https://arxiv.org/abs/2503.01696

m See also; Hashemi and Trefethen, 2017. Chebfun in three dimensions.
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S¢ Conclusions

m A mesh-free ChebTuck format
m Numerical schemes for computing ChebTuck format, with different input assumptions

m In case of rank-structured tensor approximation of target function discretized on large
spacial grid: ChebTuck is cheap to construct, accurate and storage efficient

m For more details: A mesh-free hybrid Chebyshev-Tucker tensor format with applications to
multi-particle modelling, https://arxiv.org/abs/2503.01696

m See also; Hashemi and Trefethen, 2017. Chebfun in three dimensions.

m See: Strossner, S., and Kressner, 2024. Approximation in the extended functional tensor
train format for an extension to higher dimensions.

Thank You for Your Attention!
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