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“ Discrete and continuous tensor formats

Consider f : [-1,1]” — R, D = 3. Approx. f with a small number of parameters ~ cheap comput.
with f.

1. Grid-based methods: discrete Tucker format of function related tensor F (contains, e.g.,
function values on a grid):

R R R
1 2) /. 3) /- L n nxXnxn
F Zl,’LQ,Z3 Z Z Z i1,j2,53 0 §1) 11)u§2)(12)u§-3)(13),u§z) eR" FeR x|
2. Mesh-free methods: functional Tucker format of f:

R R
f(.’L'l,xg,.’Eg,) fm<l'1,.’112,$3 Z Z Z /611,12,13 zl ) (2)(.’1}2) (3)($3)

11=1 7,2=1 l3=1 (1)
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“ Discrete and continuous tensor formats

Consider f : [-1,1]” — R, D = 3. Approx. f with a small number of parameters ~ cheap comput.
with f.

1. Grid-based methods: discrete Tucker format of function related tensor F (contains, e.g.,
function values on a grid):

F(i1,i2,13) Z Z Z /631,]2,]3 h z1)u(2)(zg)u(3)(23) gf) eR"” F e R™"™*™,

J1=1j2=1j3=1

2. Mesh-free methods: functional Tucker format of f:
R R R

F(w1,32,28) & fon(21,22,33) 1= 3 > D By i ayvl) (@) (w2)0 (w3)

11 112 113 1 (1)

= 3 VT, VO € RIS, T (1) = cos( arccos(s)
Je=1
We call Eq. (1) the Chebyshev-Tucker (ChebTuck) format.
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ChebTuck to Grid-based tensor

m Consider f :[—1,1]®> — R approximated in ChebTuck format:

(@1, 02, 23) & fan (w1, 22, 25) Z Z Zﬁhm v (@1)ol? (22)0) (),

11 122 123 1

with vi(f)(x/g) =30 Vj(fw Yo—1(x0), Tj,(x) = cos(jearccos(z)). Storage: O(DRm + RP).
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ChebTuck to Grid-based tensor

m Consider f :[—1,1]®> — R approximated in ChebTuck format:

f(@1,22,23) B fm(®1, 22, 23) = Z Z Z Bi insiaV; “ )0522)(352)111(3) (z3),

11 122 123 1
with vi(f)(xg) =30 VJ(;:” Yo—1(x0), Tj,(x) = cos(jearccos(z)). Storage: O(DRm + RP).
m Goal: Transform ChebTuck format to a discrete tensor format on a fine grid n > m:

Fm(i1,i2,13) == fm(t;, ", ;) b, is a uniform grid in [—1,1].

zg 1
= Motivation:

m Efficient application of discrete operators (differentiation, integration, convolution).

m Offline-online workflows: expensive offline construction of continuous surrogate, fast online

evaluation.
m High-resolution discretizations for accurate simulations.
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% ChebTuck to Grid-based tensor

m Consider f :[—1,1]®> — R approximated in ChebTuck format:

(@1, 02, 23) & fan (w1, 22, 25) Z Z Zﬁh,zm v (@1)ol? (22)0) (),

11 122 123 1

with vi(f)(xg) =30 VJ(;:” Yo—1(x0), Tj,(x) = cos(jearccos(z)). Storage: O(DRm + RP).

m Goal: Transform ChebTuck format to a discrete tensor format on a fine grid n > m:

Fu (i1, i0,13) := fm(t(l) 2 t(3)), {t(z) i —1 is a uniform grid in [—1,1].

11 Y 712 Y g
m The naive approach yields a discrete Tucker:
Fi =0 x1 Uy x2Us x3Us,  Uslic, jo) = v§) (1)
i.e., each column of U, contains the discretization of a Chebyshev poly. v( )(xg) on the grid tgf).

m Storage: O(DRn + RP). Additional storage compared to ChebTuck: O(DRn), n > m.
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% ChebTuck to Grid-based tensor

m Consider f :[—1,1]®> — R approximated in ChebTuck format:

(1,22, 23) & fon(w1, 72, 73) Z Z Z Biriniavs) (210l ()0l (3),

11 122 123 1

with vi(f)(xg) =30 Vj(fu Yo—1(x0), Tj,(x) = cos(jearccos(z)). Storage: O(DRm + RP).
m Goal: Transform ChebTuck format to a discrete tensor format on a fine grid n > m:

Fu (i1, i0,13) := fm(t(l) 2 t(3)), {t(z) i —1 is a uniform grid in [—1,1].

11 Y 712 Y g

m The naive approach yields a discrete Tucker:
Fi =0 x1 Uy x2Us x3Us,  Uslic, jo) = v§) (1)
i.e., each column of U, contains the discretization of a Chebyshev poly. v( )(1:@) on the grid tgf).

m Storage: O(DRn + RP). Additional storage compared to ChebTuck: O(DRn), n > m.

m Remedy: store columns of Uy as quantized tensor trains (QTT) [Khoromskij '11].

Bonan Sun, bsun@mpi-magdeburg.mpg.de, https://bonans.github.io/


mailto:bsun@mpi-magdeburg.mpg.de
https://bonans.github.io/

% ChebTuck to Grid-based tensor

m Consider f :[—1,1]®> — R approximated in ChebTuck format:

(@1, 02, 23) & fan (w1, 22, 25) Z Z Z Biriniavs) (210l ()0l (3),

11 122 123 1
i(f)(xg) = ZH 1 Vj(fu Yo—1(x0), Tj,(x) = cos(jearccos(z)). Storage: O(DRm + RP).
m The naive approach yields a discrete Tucker:

Fi =0 x1 Uy x2Us x3Us,  Uslie, je) = v} (1)

with v

i.e., each column of U, contains the discretization of a Chebyshev poly. v( )(:z:g) on the grid t(e).

m Storage: O(DRn + RP”). Additional storage compared to ChebTuck: O(DRn), n > m.
m Remedy: store columns of Uy as quantized tensor trains (QTT) [Khoromskij '11].

m QTT: a vector u € R™ with n = 2¢, reshape u to a d-dimensional tensor U € R?*""*2 and
approximate U in TT format: U(iy,...,iq) = G1(i1)Ga(ia) - - - G4(iq) for iq,...,iqg =0, 1.
Storage: r2d = O(r?logn), where r is the TT rank.
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% ChebTuck to Grid-based tensor

m Consider f :[—1,1]®> — R approximated in ChebTuck format:
(1,22, 23) & fon(w1, 72, 73) Z Z Z Biriniavs) (210l ()0l (3),
11 122 123 1
i(f)(xg) =30 Vj(fu Yo—1(x0), Tj,(x) = cos(jearccos(z)). Storage: O(DRm + RP).
m The naive approach yields a discrete Tucker:

Fi =0 x1 Uy x2Us x3Us,  Uslie, je) = v} (1)

with v

i.e., each column of U, contains the discretization of a Chebyshev poly. v( )(:z:g) on the grid t(e).

Storage: O(DRn + RP). Additional storage compared to ChebTuck: O(DRn), n > m.

m Remedy: store columns of Uy as quantized tensor trains (QTT) [Khoromskij '11].

m Known: QTT ranks of polynomials p of degree m are bounded by m + 1 [Khoromskij '11, Oseledets '13]
(numerically even logm) ~» O(DRn) reduced to (’)(DRTn2 logn) (numerically O(DRlog? mlogn)).
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% ChebTuck to Grid-based tensor

m Consider f :[—1,1]®> — R approximated in ChebTuck format:

(@1, 02, 23) & fan (w1, 22, 25) Z Z Z Biriniavs) (210l ()0l (3),

11 122 123 1
i(f)(xg) = ZH 1 Vj(fu Yo—1(x0), Tj,(x) = cos(jearccos(z)). Storage: O(DRm + RP).
m The naive approach yields a discrete Tucker:

Fi =0 x1 Uy x2Us x3Us,  Uslie, je) = v} (1)

with v

i.e., each column of U, contains the discretization of a Chebyshev poly. v( )(:z:g) on the grid t(e).
m Storage: O(DRn + RP”). Additional storage compared to ChebTuck: O(DRn), n > m.
m Remedy: store columns of Uy as quantized tensor trains (QTT) [Khoromskij '11].

m Known: QTT ranks of polynomials p of degree m are bounded by m + 1 [Khoromskij '11, Oseledets '13]
(numerically even logm) ~» O(DRn) reduced to (’)(DRTn2 logn) (numerically O(DRlog? mlogn)).

m Fundamental task: approximate a polynomial p in QTT format efficiently.
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(A)

f($17I2,$3) ~

(©)

LO_ o (B)

Naive Discretization

Storage: O(DnR), n = 2¢

Joint QTT Discretization
Storage: O(D(r?logn + rR))

2 2 2 2 2

R~ 1o /l\ 711 /l\ T1,2 A\ /l\ T1,d—1 <5
N N N N
2 2 2 2

Ry~ 720 /l\ 2,1 /l\ 72,2 A\ /l\ T2,d—1 <5
N N N N
2 2 2 2

R3 T30 /l\ 73,1 /l\ 3,2 A\ /l\ T3,d—1 <5
N N N N

Figure: (A) Continuous ChebTuck. (B) Discrete Tucker (O(n) storage). (C) QT T-Tucker-like (O(logn) storage).
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Organization

2. QTT approximation of polynomials

Bonan Sun, bsun@mpi-magdeburg.mpg.de, https://


mailto:bsun@mpi-magdeburg.mpg.de
https://bonans.github.io/

% Approximation of a polynomial in QTT format

m For a polynomial p(z) = pg + p1z + - - + pma™ in [—1,1], discretizing it on uniform grid
{2 = =1+ ih}"" with h = 2/n and n = 2 yields p = {p(x;)}_, € R’
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% Approximation of a polynomial in QTT format

m For a polynomial p(z) = pg + p1z + - - + pma™ in [—1,1], discretizing it on uniform grid
{2 = =1+ ih}"" with h = 2/n and n = 2 yields p = {p(x;)}_, € R’
m Use the multi-index mapping (i1,...,iq) — i =i +2-ig + -+ + 2971 . i, for iy = 0,1

m Reshape p to a d-dimensional tensor P € R2*"*2:

P(il,...,id):p(xi):p<—1+i1h+2-z’2h+---+2d_1-idh>
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mailto:bsun@mpi-magdeburg.mpg.de
https://bonans.github.io/

% Approximation of a polynomial in QTT format

m For a polynomial p( ) =po+p1x+ -+ pupz™in [—1,1], discretizing it on uniform grid

{2 = =1+ ih}"" with h = 2/n and n = 2 yields p = {p(x;)}_, € R’
m Use the multi-index mapping (i1,...,iq) — i =i +2-ig + -+ + 2971 . i, for iy = 0,1
m Reshape p to a d-dimensional tensor P € R2*"*2:
P(ir, ... iq) = p(z) =p<—1 Fith 42 ight - 42070 -idh)
—— = ——
M) 22) ()
i g, )
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% Approximation of a polynomial in QTT format

m For a polynomial p( ) =po+p1x+ -+ pupz™in [—1,1], discretizing it on uniform grid

{2 = =1+ ih}"" with h = 2/n and n = 2 yields p = {p(x;)}_, € R’
m Use the multi-index mapping (i1,...,iq) — i =i +2-ig + -+ + 2971 . i, for iy = 0,1
m Reshape p to a d-dimensional tensor P € R2*"*2:
P(i1, ... iq) = p(z) =p(—1 +ith+2ish+-- 424! -idh)
W 22) ()

7.2 Id
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% Approximation of a polynomial in QTT format

m For a polynomial p( ) =po+p1x+ -+ pupz™in [—1,1], discretizing it on uniform grid

{2 = =1+ ih}"" with h = 2/n and n = 2 yields p = {p(x;)}_, € R’
m Use the multi-index mapping (i1,...,iq) — i =i +2-ig + -+ + 2971 . i, for iy = 0,1
m Reshape p to a d-dimensional tensor P € R2*"*2:
P(ir, ... iq) = p(z) =p<—1—|—i1h+2-i2h—|—---+2d_l -idh>
5 e (D)

7.2 Id

m QTT of pis defined asa TT of P:

pa + 2@ 4 42D = P(iy,. . ia) = Gi(ia)Gaia) - Galia) for v, ... i = 0, 1.
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% Approximation of a polynomial in QTT format

m For a polynomial p( ) =po+p1x+ -+ pupz™in [—1,1], discretizing it on uniform grid
{2 = =1+ ih}"" with h = 2/n and n = 2 yields p = {p(x;)}_, € R’

m QTT of pis defined as a TT of P:

pal? + 2P 12 D) = P(in,. . ia) = Gi(i1)Galia) - - Galig) for in,...,iqa =0, 1.

Computational methods for the TT of P

1. Direct method: apply directly the adaptive TT cross, e.g., dmrg_cross [Savostyanov/Oseledets '11].

2. Constructive method: there exists an analytic formula! for the cores G (i,) € R(m+1)x(m+1),

! Oseledets, Constructive Approximation 37(1):1-18 (2013)
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Approximation of a polynomial in QTT format

m For a polynomial p(z) = pg + p1z + -+ + pma™ in [—1,1], discretizing it on uniform grid
{z; == —1+ih}7— with h = 2/n and n = 27 yields p = {p(z;)}7_, € R
m QTT of pis defined as a TT of P:

pat) + 2P 4 12 D) = Plir, ... ia) = Gi1(i1)Galis) - - Galig) for in, ... iq =0, 1.

id

Computational methods for the TT of P

1. Direct method: apply directly the adaptive TT cross, e.g., dmrg_cross [Savostyanov/Oseledets '11].

2. Constructive method: there exists an analytic formula! for the cores G(i,) € R(m+1)x(m+1),

Disadvantages: Method 1 does not exploit the 1D nature of the problem, just views P as a black box tensor.
Method 2 quickly becomes numerically unstable & produces pessimistic TT ranks m + 1.

! Oseledets, Constructive Approximation 37(1):1-18 (2013)
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% Approximation of a polynomial in QTT format

m For a polynomial p( ) =po+p1x+ -+ pupa™ in [—1,1], discretizing it on uniform grid
{z; == —1+41ih}; ' with b = 2/n and n = 2¢ yields p = {p(z;)}, € R2",
m QTT of pis defined as a TT of P:

plat + ol 4 12 D) = Pliy, .. ia) = Gi(i1)Galiz) - Galig) for ir, ... ig =0, L.

Computational methods for the TT of P

1. Direct method: apply directly the adaptive TT cross, e.g., dmrg_cross [Savostyanov/Oseledets '11].

2. Constructive method: there exists an analytic formula! for the cores G(i,) € R(m+1)x(m+1),

Disadvantages: Method 1 does not exploit the 1D nature of the problem, just views P as a black box tensor.
Method 2 quickly becomes numerically unstable & produces pessimistic TT ranks m + 1.

3. Our novel method: Constructive (thus faster than Method 1), stable and rank adaptive.

! Oseledets, Constructive Approximation 37(1):1-18 (2013)
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” Approximation of a polynomial in QTT format

QTT of p(z) = po + p1x + -+ + pma™ is defined as a TT of P:

(1)

p(x’bl + x(2)

i2

tod D)y = P(iy, . i) = Gy (i1)Galin) - Ga(iq) for iy, ... iq = 0,1,

id

Recall Oseledets’ constructive method

Bonan Sun, bsun@mpi-magdeburg.mpg.de, https://bonans.github.io/


mailto:bsun@mpi-magdeburg.mpg.de
https://bonans.github.io/

” Approximation of a polynomial in QTT format

QTT of p(z) = po + p1x + -+ + pma™ is defined as a TT of P:

pla) + a1 2l?) = Plir, . yia) = Gi(i1)Galiz) - - Galig) for iy, ... ig =0, L.
~  ——
=x =y

Recall Oseledets’ constructive method
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” Approximation of a polynomial in QTT format

QTT of p(z) = po + p1x + -+ + pma™ is defined as a TT of P:

pla) + a1 2l?) = Plir, . yia) = Gi(i1)Galiz) - - Galig) for iy, ... ig =0, L.
NG

=x =y

Recall Oseledets’ constructive method
1
a Ot i_a = M ﬂ = 85000 g z™ M
P +y) = Zwﬂf szZ -3 Y My )

a= a=0 =0 —Xem(2) g
where M(a,ﬂ) =Pa+8Catp for a+ ﬁ < m otherwise 0, i.e., M is upper anti-triangular.
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” Approximation of a polynomial in QTT format

QTT of p(x) = po + p1x + -+ + pma™ is defined as a TT of P:

(2)—1- . +l‘<d) =P(ir,...,iq) = G1(i1)G2(i2) - - - Gg(ig) for i1, ...,iqg =0, 1.
id

=x =y

Recall Oseledets’ constructive method
1
1. Coxyi= = M( WP = e . ™ M
P +y) = ZMHZ/ szaZ >3 M, By = i )

a=0 B=0 =X§m(93) y;n
where M(a,ﬂ) = pa+8C44 5 for a + B < m otherwise 0, i.e., M is upper anti-triangular.
2. plz+y) = Xem(@) T MX<in(y)
= p) +3P0 + - +3D) =Py, i0) = Xem@ )M Xepn(@? +-- +29).

1d

=G (i1)€RIX(m+1)
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” Approximation of a polynomial in QTT format

QTT of p(x) = po + p1x + -+ + pma™ is defined as a TT of P:
pa + 2@ 4 42D = P(iy,. . ia) = Gi(i1)Ga(in) - Galig) for ir, ... ia =0, 1.

Recall Oseledets constructive method

1

m m
1. pz+y) = sz T + )" szzco‘ ayi-a ZZM(&,B}xO‘yB:[Lz ..... a™ M | .
a= a=0 =0 =X () y'm
where M(a,ﬂ) =Pa+8Ca1 5 for a + 8 < m otherwise 0, i.e., M is upper anti-triangular.

2. pz+y) = X<m(z )TMX<m()

= p) +20 + -+ D) =Py, i0) = Xem@ )M Xen(@D +-- +29).
3. Gg(ig) is constructed such that X<, (v, ) 4 —I—x(d)) Ga(i2) X<m (T, (3) --—l—xgj)) holds
— P(i1, 62, ,4a) = G1(61)Ga(i2) X<m(2 + - + xg;”).
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” Approximation of a polynomial in QTT format

QTT of p(x) = po + p1x + -+ + pma™ is defined as a TT of P:
plat + 2P+ 1 2D = Plin, . id) = Gi(i1)Galin) - Galia) for i, ... iq = 0, 1.

Recall Oseledets’ constructive method

1
1. plzr+y) = sz z +y) ZpZZCO‘ ayi-a ZZM(Q,B)x“yﬁz[l,z ..... <™ M

Y
a=0 =0 =X (2) y;n
where M(a,ﬁ) = Pa+8Cayp for a+ B < m otherwise 0, i.e., M is upper anti-triangular.

2. p(x +y) = Xem(@) " MX < (y)

= pe) + 22+ 42 D) = Plin, .. y00) = Xem@) M Xem (@D + - +2(P).
\_v_./
=G (i1) ERIX (m+1)
3. Other cores Ga(ia),- -, Gq(iq) are constructed similarly.
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” Approximation of a polynomial in QTT format

QTT of p(x) = po + p1x + -+ + pma™ is defined as a TT of P:
plat + 2P+ 1 2D = Plin, . id) = Gi(i1)Galin) - Galia) for i, ... iq = 0, 1.

Recall Oseledets’ constructive method
- 1
i p(m-l-y):Z (z +y) ZP’Z oyt ZZM&Bm yﬁ_[lz ,,,,, «™ M

Y
i=0 = a=0 a=0 =0 _X<m(a:) ym

where M («, ) = Pa+8C3 15 for a+ B < m otherwise 0, i.e., M is upper anti-triangular.
2. = pa +2@ + - +2P) = Plir,...,i0) = Xem@)TM Xem(@? +--- + D).
\—v—’
=G (i1) ERLIX (m+1)
3. Other cores Gy (ia),- - ,Gq(iq) are constructed similarly.

Disadvantage: Unstable since the cores contain large binomial coefficients & powers e.g. (z (1)) .
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” Approximation of a polynomial in QTT format

QTT of p(x) = po + p1x + -+ + pma™ is defined as a TT of P:

p(LEZ(ll) +£E§22) + - +17(d)) P(Zl,...,id) = Gl(il)GQ(ig)"'Gd(id) for il,...,id 20,1.

Recall Oseledets’ constructive method

1
Y

Loplz+y) =) pilz+y) szzcww > M(a, By’ =pe. e M

=0 a=0 =0 =X < () y;n

where M («, ) = Pa+8C 15 for a+ B < m otherwise 0, i.e., M is upper anti-triangular.
2. = p(=;; @y :v(z) -+ x(d)) P(it,...,i0) = X<m(z (1))TM Xn(@, @ 4. +a:(d)).
\—vi
=G (i1) ERLX (m+1)
3. Other cores Ga(ia), - ,Gq(iq) are constructed similarly.

Disadvantage: Unstable since the cores contain large binomial coefficients & powers e.g. (z;
Fix: replace 2%, y” by Chebyshev poly.: p(z +y) = Y0 Y50 M3 (o, B)To ()T (y)-
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Direct construction in Chebyshev basis

Fix: Replace monomial expansion

(@+y)=>_ Y M, By’ (2)
a=0 =0
by Chebyshev expansion
p(x+y) = ZZM"hebaﬂ o(2)T5(y). (3)
a=08=0
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by Chebyshev expansion

p(z+y) = ZZM"heb To(2)Ts(y)- (3)

a=0 5=0

= Subtle but crucial difference:

m (2) holds for all z,y € R for fixed M

= (3) only holds for z € I, and y € I, with some intervals I, I, and M<"*" depend
accordingly on these intervals.

= Algorithmically: carefully track the intervals I, I, the auxiliary variables x;, )

the construction.

live in during
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by Chebyshev expansion

p(z+y) = ZZM"heb To(2)Ts(y)- (3)

a=0 5=0

= Subtle but crucial difference:

m (2) holds for all z,y € R for fixed M

= (3) only holds for z € I, and y € I, with some intervals I, I, and M<"*" depend
accordingly on these intervals.

= Algorithmically: carefully track the intervals I, I, the auxiliary variables x;, )

the construction.

live in during

m Rank-adaptivity: apply truncated SVDs on the fly.
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Rank-adaptive construction (Error control)

m All SVD tolerances during the process are chosen as ¢.

m We have guaranteed element-wise error control.

Theorem [Benner, Khoromskij, S., in preparation, 2026]

For the QTT approximation of the polynomial p(x) constructed by the rank-adaptive method,
we have

P-P| < (Vm+1+1)(d—1)e
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mailto:bsun@mpi-magdeburg.mpg.de
https://bonans.github.io/

Organization

3. Fully discrete format
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ChebTuck to Grid-based tensor

m Consider f:[—1,1]®> — R approximated in ChebTuck format:

R R R
Flar,02,23) R fu(@r,22,23) = 3 Y Y Biriniaviy (@1)vi2) (@2)0)) (23),

i1=1142=1143=1

. Y4 0)
with Ui(e)(xe) = Z],@ 1 Vj(g GptJe— 1((Eg)
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N ChebTuck to Grid-based tensor

m Consider f:[—1,1]®> — R approximated in ChebTuck format:

R R R
Flar,02,23) R fu(@r,22,23) = 3 Y Y Biriniaviy (@1)vi2) (@2)0)) (23),

i1=11i2=1143=1

. 4 0)
with Ui(g)(xz) = Z]e 1 ‘/J(g,lg Je— 1($£)

m Goal: Transform ChebTuck format to a discrete tensor format on a fine grid n > m:

Fum(i1,i2,13) := fm(t 1) 4(2) t(3)), {t }u 1 is a uniform grid in [—1,1].

i1 2 i2 0 Vi
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N ChebTuck to Grid-based tensor

m Consider f:[—1,1]®> — R approximated in ChebTuck format:

R R R
Flar,02,23) R fu(@r,22,23) = 3 Y Y Biriniaviy (@1)vi2) (@2)0)) (23),

i1=11i2=1143=1

Y4
ae) = 0 Vi Ty, (w0).

m Goal: Transform ChebTuck format to a discrete tensor format on a fine grid n > m:

with v

Fum(i1,i2,13) := fm (t(l) #(2) t(3)), {t(l }i,—1 is a uniform grid in [~1, 1].

11 Y 12 ) g

m Apply our QTT approximation algorithm to each polynomial v](f) (20).

Bonan Sun, bsun@mpi-magdeburg.mpg.de, https://bonans.github.io/


mailto:bsun@mpi-magdeburg.mpg.de
https://bonans.github.io/

(A)

f($17I2,$3) ~

(©)

LO_ o (B)

Naive Discretization

Storage: O(DnR), n = 2¢

Joint QTT Discretization
Storage: O(D(r?logn + rR))

2 2 2 2 2

R~ 1o /l\ 711 /l\ T1,2 A\ /l\ T1,d—1 <5
N N N N
2 2 2 2

Ry~ 720 /l\ 2,1 /l\ 72,2 A\ /l\ T2,d—1 <5
N N N N
2 2 2 2

R3 T30 /l\ 73,1 /l\ 3,2 A\ /l\ T3,d—1 <5
N N N N

Figure: (A) Continuous ChebTuck. (B) Discrete Tucker (O(n) storage). (C) QT T-Tucker-like (O(logn) storage).
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Organization

4. Numerical experiments
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Random polynomials in monomial basis

m Non-trivial, but practical and not pathological (not too oscillatory) polynomials.

m Polynomials of degree m (up to 300) with random coefficients:
p(x) = ag + 17 + asx® + -+ + apa™.

ay, decays exponentially with random relative noise.
Discretization on uniform grid with n = 229 points (20 dimensional QTT tensor).

Tolerances of all SVDs in our method are set to 10712,

dmrg_cross tolerance is set to 10712,
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Random polynomials in monomial basis

m Polynomials of degree m (up to 300) with random coefficients:
p(x) =ag+ a1z + asx® + - + apmz™.

m aj decays exponentially with random relative noise.

—— dmrg_cross = Constructive (mono) == Constructive Low Rank|

5 10-* \ \ \ \ —1:5 \ \

5 10°°¢ n

O] |

X 1078 =

O N—r

E— —10 [0}

g 10 Eo.5

-
g 107" S
- 104 ‘ ‘ = 0 \
100 200 300 100 200 300 100 200 30

polynomial degree m
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Random polynomials in Chebyshev basis

m Chebyshev polynomials of degree m (up to 300) with random coefficients:
p(x) = ag + a1T1(x) + axTo(x) + - - - + ap T ().

m aj decays exponentially with random relative noise.

|— dmrg_cross = Constructive Low Rank|

- 10_8 I 12 I — 4
(] w0
= I~ —
¢ 1010 <3 1 °
5 o \n
5 y v 2
o -1z | @ £
@ o4 el
< 5

10_14 | | | | 0

100 200 300 100 200 300 100 200 30

polynomial degree m
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Single Chebyshev polynomials

m A single Chebyshev polynomial T, (z) of degree m (up to 300).
m Very challenging since it is highly oscillatory.

——— dmrg_cross = Constructive Low Rank|

. 1077 T 16 T T —~ 6
S 10 ! s
v 12 |
-6 e
é 10 % S 4
—-8 - ~
5 10 8 o 3
Qo 1p—10 g0 E o
© 7, =
\gﬁ 10712 S 1
10-14 \ \ \ \ 0 "
100 200 300 100 200 300 100 200 30

polynomial degree m

Figure: TTCross vs. Constructive Low Rank.
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‘\ Test functions

We consider the following 3 test functions f : [-1,1]> — R:

1. Biomolecule potential fi: the multi-particle potential of the protein Fasciculin 1
comprising 1,228 atoms?.

2. Runge function fy: the classical 3-dimensional Runge function® given by

1
= . 4
3. Wagon function f3: the SIAM 100-Dollar, 100-Digit Challenge function* defined by

fa(x,y, z) = 00 4 gin(60e?) sin(60z) 4 sin(70sin(z)) cos(10z)

5
+ sin(sin(80y)) — sin(10(x + 2)) + W ®)

2M.H. Le Du, P. Marchot, P.E. Bougis, and J.C. Fontecilla-Camps, J. Biol. Chem., 267:22122-30, 1992.
3*B. Hashemi and L. N. Trefethen, SIAM J. Sci. Comput., 39(5):C341-C363, 2017.
*F. Bornemann, D. Laurie, S. Wagon, and J. Waldvogel. SIAM, 2004.
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% The fully discrete QT T-Tucker-like format

m Combining ChebTuck
R R R ) 5
flanene) =~ Y Y Z vy U (21)00) (22)0))) (23),
Tig=1143=1

where vzgf) (xg) =D v Tj,—1(xe) with QTT:

Je=1 " jesie

F(iy,io,i3) ~ B x1 UD(i1) xo UP (i) x5 UG (i3).

2 2 2 2

(A) Ry (B) R~ 7m0 A\ T1,1 A\ A\ T1,d—1 <5
—CO—n I\ I\ I\ I\

2 2 2 2

f( ) R . Joint QTT Discret. n = 24 Ry~ o0 A\ T21 A\ A\ To.d-1 <|>

T1, Lo, T3) A —( )— 2

b Storage: O(D(r?logn + rR)) ~ k; \2/ \2/ 2

Rs Rs  —~ 130 A\ 73,1 A\ A\ T3,d—1 <I>
—O— s U U U U
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% The fully discrete QT T-Tucker-like format

m Combining ChebTuck
R R R .
f(z1, 22, 23) Z Z Z Bi iz, is ¥ () z1)v ()(ﬂ?z) o )(373),

where v} (x¢) = S V) Ty, 1 () with QTT:

F(i1,i2,13) ~ B x1 UM (i1) x5 UP (ig) x3 UG (i3).

Function Tucker ranks Polynomial degrees

S (32, 28, 32) (129, 129, 129)
f2 (17, 17, 17) (189, 189, 189)
f3 (4,3, 5) (662, 1052, 129)
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“ Joint QTT approximation of multiple polynomials

function  method ls error storage avg. rank 7 runtime (107! s)
f Constructive Low Rank 5.12 x 10711 20,550 21.60 0.4
! dmrg_cross 7.30 x 10° 7,770 13.01 5.6
f Constructive Low Rank 1.82 x 10711 4,875 10.49 0.2
2 dmrg_cross 415%x 1078 5,317 10.98 5.0
f Constructive Low Rank 3.10 x 107 4,182 9.97 1.5
3 dmrg_cross 423x 1078 5342 11.27 71

Table: ChebTuck factors from biomolecule fi, Runge fa, and wagon f3; n = 220.
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(A) (©)

0 s
0.

05 -
[ " 05

Figure: (A), (C), (E): Surfaces reconstructed from the fully discrete QT T-Tucker format for f;(x,y,0).
(B), (D), (F): Corresponding pointwise errors compared to the continuous tensors.
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% Conclusion

m A framework to bridge continuous and discrete tensor formats via QTT.

m Developed stable and rank-adaptive algorithms for QT T approximation of polynomials.

m Numerical experiments demonstrate stability, efficiency, and storage savings.

m Outlook: Extend it to general univariate functions and multivariate ridge functions and
more application scenarios.

m For more details and reference:

1. P. Benner, B. Khoromskij, B. Sun. Bridging continuous and discrete tensor representations of
multivariate functions using QTT, in preparation, 2026.

2. P. Benner, B. Khoromskij, V. Khoromskaia, B. Sun. A mesh-free hybrid Chebyshev-Tucker
tensor format with applications to multi-particle modelling, arXiv:2505.02319, 2025.

Thank you for your attention!

Bonan Sun, bsun@mpi-magdeburg.mpg.de, https://bonans.github.io/


https://arxiv.org/abs/2503.01696
mailto:bsun@mpi-magdeburg.mpg.de
https://bonans.github.io/

	Introduction
	QTT approximation of polynomials
	Fully discrete format
	Numerical experiments
	Conclusion

